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FLORY-STOCKMAYER DISTRIBUTION AND SCALING STUDY
Sun Chia-chung, Li Ze-sheng, Ba Xin-wu, Tang Au-chin
Institute of Theoretical Chemistry
Jilin University, Changchun, Jilin, China

ARSTRACT
By means of the Flory-Stockmayer distribution, the critical
behavior of the kth radius near the gel point is investigated. As
a direct result, a scaling law associated with the kth radius is
deduced.

INTRODUCTION

The curing thecrv of polycondensation reaction of A_ type
described by Flory-Stockmayer distribution[l,2] is inves%igated to
give a recursion formula for evaluating the kth radius. It is
known that by an alternative generating function method, Gordon[3]
has initiated the study of the zero, the first and the second
radii. In this paper, taking advantage of the recursion formula,
the critical behavior of the kth radius near the gel point is re-
vealed in detail to reach a scaling law associated with the kth
radius

k+1+p-T=0% . k=2,3, ...

with critical exponents

1 5 1
P=5., T=5., G=5. & =22.
Note that ¢ is associated with the asymptotic behavior of mean
square radius of gyration due to Zimm and Stockmayer([4].

1. RECURSION FORMUIA OF THE KTH RADIUS

As is well known, the equilibrium number fraction distribu-
tion P_ of a random a-functional polycondensation system has been
proposed by Flory-Stockmayer(1,2]

alan-n)! n-1 an-2n+2
:——o——o—*—‘————-p -

Pn n!{an-2n+2)! (1 p) (1)
where Pn is the equilibrium number fraction distribution of n-mer,
a the functionalities of the repeating units, and p the equilibri-
um fractional conversion.
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By means of Flory-Stockmayer distribution, the kth radius of
molecules (Rz)k can be defined as

k
2 = =
{R >k % n RﬁPn , k=0,1, 2, ... (2)

where R2 is the mean square radius of gyration{3]. Gordon has pre-
sented & generating function method[3] for evaluating number aver-
age <R2>b/MO, weight average <R2>1/M and Z- average <R2>2/M2 of
radius, in which the kth moment Mk is defined by

M = jz:nkpn ., k=0,1,2, ... (3)
n

Alternatively, the kth radius in Eqg.{2) can be evaluated by means
of differentiation technigue. Differentiating the right and left
hand sides of Eg.(2) with respect to the equilibrium fractional
conversion p and considering that Rﬁ is independent of p[3] give

1 d<R2>k
<R2>k+l = T—l)p_[(l + p)<R2>k +p(l - P)Tp"""—‘] (4)

where we have only made use of the expression of Flory-Stockmayer
distribution in Eq.(1l). Eg.(4) is referred to as the recursion
formula of (R2)> , i.e. if {R2> is given, <(R2) can be evaluated
by Eq.(4). Note that in obtaining Eg.(4), we h3ve not imposed any
additional restriction upon the kth radius, and thus the recur-
sion formula holds true for both pre-gel and post-gel.

Since {(R2> and {R2>. will not be involved in the scaling
study in the next section, we limite our discussion, in this sec-
tion, to the kth radius {(R2> for the case of k2»2, i.e. k=2,3,...

For pre-gel, <R2>2 has Eeen obtained by Gordon[3] in the form

V.

2
R2 = < 5
%) = <57 (5)
with
_ __ab%p
i 2(a-1)¢2
where b is the average bond length in molecule and P is the well
known Flory-Stockmayer gel point[1,2]

1

Pc=a-1 - 7

(6)

This point can be regarded as the threshold of sol-gel transition.
For post-gel, if we consider the eguilibrium fractional con-
version in sol, p', we can obtain

T
<R2>2 = 2

—_ T (8)
)2
(p.-p")
with
ab2p's

T " 212 (9)
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where the sol fraction S and the equilibrium fractional conversion
in sol p' satisfy the relation[5,6] as follows

l1-p' a
5 = <l'p+SPl—_p—> (10)

By taking <R2> in Egs.(5) and (8) as starting point for succes-
sive recursmns we obtain <(R2 >k’ from recursion formula in Eg.{(4)

Vi/ (P, - p)??,  for pre-gel
{R?>

k T,/(p - pc)Zk'z, for post-gel

k=34, ... (11)

where V, and T, satisfy the same recursion formula

RS (p_-p) aw
(Zk-4)p(1-p)., c , _ k-1
W = — ] l(1+p)wk_l + p(l p)dp 1 (12)
with

for pre-gel

k r
W ’”{Tk , for post-gel =3 4 .. (13)
2. SCALING STUDY OF THE SOL-GEL TRANSITION
Let us study the scaling behavior of the kth radius near the
gel point p (|p - p |<<l) It is not difficult to find, near the
gel point, Fhat <R2§ in Egs.(5) and (8) can be expressed asymp-
totically as

2
R2 = 14
{R2), 501 (14)
with
abz2
A, = Vo(p=p_) = T,(p=p_) = N TEW BERD (15)

Taking A, as starting point for successive recursions, we obtain,
from recirsion formula in Eq.(12)

(2k-4)11a(a-2)K2

A = Vilp=p) = T (p=p ) = b2 (16)

2(a-1)3k_3 -
As a direct result, we have, by means of Eg.(11)
<R2>k = %o k=2,3, ... (17)
lp - .l

'
With the aid of Eq.(2), <R2>k can be rewritten as

-] Ak

S~ Ko~~~

(R2>R=JnRandn=——w—, k=2, 3, ... (18)
o] p - p_l

It should be noted that R? and B, are defined as asymptotic forms
with respect to the mean square radius of gyration R2 and the
Flory-Stockmayer distribution P .
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The asymptotic form of Pn

B =T e | (k- %)—n%w (19)
has been obtained by some of the present authors[5] with

B = a[zwr(a—l)(a-z)]'l/2 (20)

T=3 (21)

ne(k) = L‘;}%‘g‘:—z—)—[p—pcrlm . k=2,3 ... (22)

v=2 (23)

where B is a normalization constant, T and 0 are two different

critical exponents and ng(k) is the generalized typical size which

is a generalization of the typical ;}Ee proposed by Stauffer[7].

By substituting the asymptotic form P_ in Eq.(18), the expression
o n

of (R2>k becomes

e « -tn
(R2>k = F(n)e dn = £(t) . (24)
(=]
This equation is a Laplace transfommation of F(n) to £(t) with
F(n) = Bo® >/ & (25)
- 2 -
£(t) = (2: 4)!lab tl k (26)
27(a-2)
<3
t= ——— = (27)
ng(K)
It is easy to obtain F(n) by using inverse lLaplace transformation
O+iec
1 tn
F(n) = = e f(t)dt (28)
Q-i00

to yield the asymptotic form of the mean square radius of gyration

1
ol o
with
=—;—. (30)

RZ is the well known formula which has been obtained by Zimm and
S%ockmayer[4].

By introducing the generalized typical size ng(k) in Eq.(22)
into the right hand side in Eg.(18) and by substituting the asymp-
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totic forms P. and ﬁg given by Egs.(19) and (20) into the left
hand side of Eq.(ls), we have

2]
b2a K+ P -T 3., n B
WL“ e -t - - e Jon -

_ Ak( (2k-2)A, )ng T8y

kA, (ng(k) » k=2,3, ... (31)

o =%k - 2. (32)

with

Application of the scaling transformation T,

Tng(k) = Lng(k) , (L being a positive real number) (33)
Tn = ILn (34)

to Eq.(31) gives immediately
k+1+ P -T=0gd,» k=23 ... (35)

These relations, arising from the kth radius, are the scaling law
which is associated with the critical exponent P of Rg due to Zimm
and Stockmayer([4].
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